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1. Introduction

A broad range of issues appearing in various branches of pure and applied math-
ematics, including discrete and continuous dynamic systems, differential equations,
and variational analysis. Fixed point theory is essential for solving equations of
the mentioned type, the solutions to which are the fixed points of the mapping
F : X — X, where X is a non-empty set. Potential applications of this theory
include the study of equilibrium points in physics, economics, and engineering.
However, if F is a non self-mapping, the above fixed point equation might not have
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any solutions. In this case, it would be of some interest to find a rough solution,
p, that is optimal in the sense that the distance between p and F'p is as small as
possible. When examining this kind of element, the best proximity point theory
is a helpful tool. Given M and N two non-empty subsets of a metric space and
F : M — N a non self-mapping, the equation F'p = p does not necessarily have a
solution, which is known as a fixed point of the mapping F'. In this context, best
proximity point theory is an useful tool in studying such kind of element.

Definition 1.1. “Let M and N be two non-empty subsets of a metric space
(X,dx) and a non self-mapping F : M — N. An element p € M such that
dx(p, F'p) = dx(M, N) is a best prozimity point of the non self-mapping F. Clearly,
a fixed point, defined as p = F'p, is the best proximity point if F' is a self-mapping.”

Numerous authors have researched the best proximity point theory of non self-
mappings since its inception; see the seminal papers of Fan [4] and Kirk et al.
[10]. Numerous prerequisites for the existence of the optimal proximity point are
examined in ([1, 2, 3, 5, 6, 12, 13, 15, 18, 19]). For multi valued mappings, some
noteworthy best proximity point results are reported in [7] also see the references
therein.

2. Preliminaries

In this section, we will discuss some definitions and results from fixed point
theory. These definitions and results will help to make new theorems in best
proximity point.

The term ag - admissible mapping was defined as follows by Samet et al. [17]
in their study.

Definition 2.1. ([17]) Let a : X x X — [0,400) be a function. We say that a self
- mapping F: X — X is ag - admissible if
paeX, ap,q) =1 = ao(Fp Fq)>1.

They established several fixed point findings by applying this idea.

Theorem 2.2. ([17]) Let (X, dx) be a complete metric space and F : X — X be an
o - admissible mapping. Assume that the following conditions hold:

1. for all p,q € X we have

where 1 : [0, 4+00) = [0,400) is a nondecreasing function such that
oS (t) < 400 for each t > 0,

2. there exists pg € X such that co(po, Fpo) > 1,
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3. either F is continuous or for any sequence {p,} in X with ag(pp,pnsi1) > 1
for alln € NU{0} and p, — p as n — +oo, then ag(pn,p) > 1 for all
n € NU{0}.
Then F' has a fized point.

Last but not least, let’s remember how Karapinar et al. [9] first developed the
idea of triangular o - admissible mapping.

Definition 2.3. ([9]) Let ap : X x X — R be a function. We say that a self-
mapping F : X — X is triangular og - admissible if

(i)p,ge X, alp,q)>1 = ao(Fp,Fq)>1,

(ii) p,q,r € X,

= ao(p,q) = 1.

{ao<p, r) > 1,

050(7', Q) Z 1

Ran and Reurings [14] have initiated the study of weaker contraction in recent
years by representing self-map in partially ordered metric space. Some of the
latest findings of Mongkolkeha et al. [11] and Sadiq Basha et al. [16].

Theorem 2.4. ([16]) Suppose that M, N be two closed members of a partially
ordered complete metric space (X,dx, <), My is non-empty and the pair (M, N)
has the V' - property. Presume the following conditions are met by F': M — N:

1. F is ordered immediately-holding F(My) C Ny in such a way that,

2. there exist elements po, p1 € My such that
dx(gop1, F'po) = dx(M, N) and py = p1,

3. for all p,q,m,n € M,

gop = o4,

dx(m, Fp) = dx(M,N),=> dx(m,n) < 5(dx(gop, n) + dx(goq, m))
—o(dx(gop, n), dx(gog, m)).

dx(9oq, F'q) = dx(M, N)

4. if {pm} is an increasing sequence in M converging top € M, ¥ p € N. Then
F has a best proximity point.
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3. Main results
Let M and N be two nonempty subsets of a metric space (X, dx). Following
the notation, we get

My :={p € M : dx(p,q) = dx(M,N), for some q € N},

No:={q € N :dx(p,q) = dx(M,N), for somepe M}.

If MNN # 0, then My and Ny are non-empty. Further, it is interesting to notice
that My and Ny are contained in the boundaries of M and N, respectively, provided
M and N are closed subsets of a normal linear space such that d(M,N) > 0 (see

[3])-
Definition 3.1. If there is a non-negative integer oy < 1, then the mapping

F : M — N is the proximal contraction, so for all my,mq,py1,ps in M,
dx(my, Fp1) = dx(M, N) = dx(my, Fpa) = dx(m1,ma) < ao(dx(p1,p2))-

Definition 3.2. Let M and N be two nonempty subsets of a metric space (X, dx)
and ag be a function. We can say a non self-map F : M — N s triangular aq -
prozimal admaissible if, for all p,q,r, p1,p2, m1,mo € M,

1.
aO(plapZ) Z 17
dx(my, Fp1) = dx(M,N), = ag(mi,mz) > 1,
d.'{(m% Fp2) - d}:(M7 N)

2.

> 1
aolp,r) 2 1, = ag(p,q) > 1.
dx(ﬁ Q) Z 1

As motivated by this paper, we introduce new notions of modified oy — (%o, go) -
proximal contraction, oy — (g, go) - proximal contraction of Type-I and Type-II
in this paper. We also prove some fixed point theorems in the setting of metric
spaces.

Now, we introduce the new class of proximal contractions.

Definition 3.3. Let F : M — N, go: M — M be two maps. Let 1y : [0,00) —
[0, 00) satisfy

Po(0) =0, o(t) <t, and limg e+ supiho(s) <t for each t> 0.

Then, F' is said to be a (1o, go) - proximal contraction if

dx(mu, Fp1) = dx(M, N) = dx(ma, Fp2) = dx(mi1, ma) < ¢o(dx(gp1, gp2))
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for all my,mq, py1,p2 in M.

Definition 3.4. Presume M, N be two nonempty elements of a metric space
(X,dx) and ag : M x M — [0,400) be a function. We're suggesting that a non

self-mapping F : M — N is

1. a improved oy — (Yo, go) - prozimal contraction if, for all m,n,p,q € M,

ao(gop; gor) > 1,
d%(man) = dl’(Ma N)a
d%(na F?”) = d%(Ma N)

(dx(gop,n) + dx(gog, m)) — o(dx(gop, ), dx(goq, m)),
(3.1)

N | —

2. an oy — (¢o, go) - proximal contraction of Type-1 if, for all m,n,p,q € M,

dx(m, Fp) = dx(M, N),
dx(n, Fq) = dx(M, N)

= ao(p, q)dz(m,n) < 5 (dx(gop, n)+dx(goq, m))—1o(dx(gop, n), dx(goq, m)),

1
2
<

where 0 < ap(gop, goq) < 1 for all gop, goqg € M

3. an ag — (g, go) - proximal contraction of Type-11 if, Ym,n,p,q € M,

dx(m, Fp) = dx(M, N),
dx(n, Fq) = dx(M, N)

— (ao(gop, 90q) + l)dx(mvn) < (I+ 1)%dx(gop,n)erx(goq,m))ﬂlJo(dx(gop7n)7dae(goq,m))_

Theorem 3.5. Let us suppose M, N be two non-empty members of a metric space
(X,dx) so M is complete and My is nonempty. Let F' : M — N is a continuous

modified ag — (1o, go) - proximal contraction gy : M — M satisfy the following
conditions:

1. F is a triangular ag — (g, go) - proximal admissible mapping and F(My) C
NO;



132 South FEast Asian J. of Mathematics and Mathematical Sciences

2. 3 po,p1 € My s.1.
dx(gop1, F'po) = dx(M, N)

and ao(gopo, gopr) > 1

Then there is a best proximity point for F. Moreover, the best proximity point is
unique, if, for each p,q € M s.t.

dx(gop, F'p) = dx(M, N) = dx(goq, F'q), we have ao(gop, goq) = 1.
Proof. By (2), there exists pg, p1 € My such that

dx(gop1, F'po) = dx(M, N)

and ag(gopo, gop1) > 1.
On the other hand, since F'(My) C Ny, then there exists p, € My such that

dx(gop2, F'p1) = dx(M, N).

Since F' is the allowable near end of the triangle ag, we have ag(gop1, gop2) > 1.
Thus

dx(gop2, F'p1) = dx(M, N).

and ag(gop1, gop2) > 1.
Since F'(My) C Ny, then 3 p3 € M, s.t.

dx(gops, Fp2) = dx(M, N).

Next, F'is a triangular ag— (g, go) - proximal admissible, it becomes ag(gopa2, gops) >
1 and hence

dx(gops, Fp2) = dx(M, N)

and ao(gopz, gops) > 1.
In this step, we create a {p,} sequence in such a way that

a@o(goPa—1, GoPa) > 1
d%(QOI% Fpa—l — d%(M> N)7 (32)

d%(90pa+17 Fpa) = d%<M7 N>7
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for all @ € N. Now, from (3.1) with m = gopa, n = gopa_1 and gop = gp,, we get

(dx(goPa—1, goPa+1) + dx(goPas> GoPa))

(NN

dx(gopaa gopa+1> S
- TPO(d%(gopafb 90Pa+1)» dx(gopa, gOPa))

1
= de(gopa—la gopa+1) - ¢O(dX(gOpa—17 JoPa+1, 0))

1
< §dx(gopaf1,gopa+1)
< (dx(goPa-1; 90Pa) + dx(GoDa; JoPa+1)) (3.3)

which implies that dx(gopa, goPar1) < dx(goPa—1, goPa)- It follows that the sequence
{d.}, where §, = 0(gopa; goPas1) is decreasing and so 3 9 > 0 s.t. d, — 0 while
a — 0o. Later, we will take limit ¢« — +o0 in (3.3), it become

1 1
0 < 55(gopa—1agopa+1) < 5(5 +0) = 26,
that is,

liMa—y o0 dx(GoPa—1, GoPa+1) = 26. (3.4)

Again, taking the limit as a — +o0 in (3.3) and (3.4) and the continuity of ), we
get
d <6 —1p(26,0).

and so Y(26,0) = 0. Therefore, by the property of ¥, we get 6 = 0, that is,

lima—>+ood%(90pa+la g()pa) = 0. (35)

Next, we show gop, is a Cauchy sequence. Then there is an € > 0 and two subse-

quences {u(l)} and {v(l)} s.t. for all positive integer [,
o(l) > u(l) > 1, dx(gopu@ys GoPu@) = € dx(goPu)—15 JoPu(iy) < €

The smallest number reaches u(l) go for v(l).
This means that we get [ € N for all of them.

e < dx(9opu(t) 9oPu@)) < dx(9oPu()s JoPu(i)—1) + dx(GoPu(i)> JoPu(i)+1)
< dx(9oPw()> GoPu()—1) + €

Making limit as [ — 400, we obtain and using (3.5), we get

UM, 4 ooz (9oPu()> JoPu(i)) = € (3.6)
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Again, from

dx(gopv(z), gopu(z)) < dx(gopu(z’y gopu(l’)+1)+dx(gopu(z’)+1y gopu(l’)+1)+dx(gopu(z’)+17 gopu(l’))
and

dx(9oPu(@) JoPuy+1) < dx(9oPu)s JoPu@)+1)+dx (GoPu(t)> JoPu(@y) +dx(JoPu@ 41, J0PuD))5

Proceeding limit as [ — +o0, by (3.5) and (3.6), we deduce

UM, 4 oo d2(GoPu(i)+15 JoPuy41) = € (3.7)
Similarly, B
limi, 4 ooz (goPoy, Jopu(l) +1) = € (3.8)
and
UM 4 oo dx (GoPu(@)s JoPu(@)+1) = €. (3.9)

We're going to explain that

a0 (GoPu(iy: JoPu@) = 1, where v(l) > u(l) > 1. (3.10)

F is a triangular g — (¢, go) - proximal admissible mapping and

Oé(](g()pu(l_ﬁgopu(l_)—i-l) Z 17
0 (JoPu@+15 JoPu@y+2) = 1.

With condition (2) of Definition (3.2), we have

0 (goPu(y+1> JoPu@+2) = 1.

Again, F is a, — (¢, go) - triangular proximal map,

Oéo(gopu(Z)7gopu(i)+2) > 1,
0 (goPu@+2: JoPu@y+3) = 1.

With condition (2) of Definition (3.2), we have

Oéo(gopu(i)agopu(z’)+3) > 1.

Therefore, we get (3.10) through this process.
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On the second side, we do know that

a0(goPu(@y+1, F'Po@y) = dx(M, N),
a0(9oPu(@y+1: F'Puiy) = dx(M, N).

Therefore, we have

1
dx(GoPu()+15 JoPuy+1) < §(dx(gopu(i),gopv(z’)+1) + dx(g0pv(1), GoPu(iy+1))
—0(dx(goPuy> GoPo@+1)s Ax(90Pu(ty, J0Pu@+1))-

Picking limit as [ — 400 and using (3.7), (3.8), (3.9), the continuity of 1, one
become

e < %(e—i- €) — o€, €)
e <e— (e e)

and hence ¢y(e,€) = 0, which leads to the contradiction ¢ = 0. Thus, {p,} is
a CS. Ahead M has been completed, there is z € M so p, — r. Hereinafter,
dx(goPa+1, Fpa) = dx(M,N) for all aeNU{0}.

Selecting limit as a — 400, we gather dx(r, Fr) = dx(M, N), owing to the f
consistency.

Lastly, we demonstrate the uniqueness of point p € F s.t. dx(gop, Fp) =
dx(M, N). Suppose, in fact, that there is p,q € M which are best proximity
points, viz. dx(gop, F'p) = dx(M, N) = dx(goq, Fq).

Since ap(gop, goq) > 1, we have

1
dx(gop, 9oq) < §(dae(gop, 90q) + dx(904, gop) — Yo(dx(gop, 909), dx (90, gop))
= dx(gop, 909) — Yo(dx(g0p; 909), dx (904, 9oP))

which implies dx(gop, goq) = 0, that is gop = gog.

Corollary 3.6. Let M,N be non-empty subsets of a metric space (X,dx) to
this extent M s complete and My is non-empty. Presume F : M — N and
go : M — M are continuous ag — (1o, go) - prozimal contraction of Type-I or a
continuous oy — (Yo, go) - proximal contraction mapping of the Type-II s.t. the
following requirements satisfied:

1. F is a triangular ag— (1, go) - prozimal admissible mapping and F(My) C Ny.
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2. there exists py,p1 € My such that
dx(gop1, Fpo) = dx(M, N)

and ao(gopo, gop1) > 1.

Then the F will have a best proximity point. Furthermore, if, for every p,q €
M, dx(gop, Fp) = dx(M,N) = dx(goq, Fq), we have ao(gop, goq) > 1, the best
proximity point s unique.

Definition 3.7. Let M, N are two nonempty subsets of a metric space (X, dx).
The (M, N) pair is said to have the V -property if, for each {q,} sequence of N that
satisfies the dx(p,q,) — dx(p, N) condition, for each p € M sequence, ¢ € N is
given such that dx(p,q) = dx(p, N).

Theorem 3.8. Suppose M, N be two non-void elements of a metric space (X, dx)
s.t. M is complete, the pair (M, N) has the V - property and My is complete.
Assume that F: M — N and go : M — M are modified oy — (¢o, go) - prozimal
contraction in such a way that the following criteria hold:

1. F is a triangular map of ag — (o, go) and F(My) C Np.

2. po,p1 € My occurs to such a degree that
dx(gop1, F'po) = dx(M, N)

and Oéo(gopoagopﬁ > 1,

3. if {gopn} is a sequence in M such that cg(gopn, goPnr1) = 1 and gopn, — gop
as n — 0o, then ag(gopn, gop) > 1 Vn € NU{0}.

Then, there is a best proximity point for F. Furthermore, the best prorimity point
is unique if we have ay(gop, goq) > 1 for every p,q € M, so that dx(gop, Fp) =
dx(M, N) = dx(gog. F'q).

Proof. After the Theorem (3.5) is proved, there are Cauchy sequences {gop,} € M
and r € M such that (3.2) keep gopa — z as @ — +00. On next side, Va € N, write

down
dx(r,N) < dx(r, Fp,)

< dae(r, gopa+1) + dx(gopaH, Fpa)
= dx(7, gopat1) + dx(M, N).
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Selecting this limit p — +o00, we take
limg sy oodx(r, Fp,) = dx(M,N) = dx(M, N). (3.11)

Since (M, N) has the V-attribute, there is ¢ € N, so dx(r,c¢) = dx(M, N).
Therefore r € My. Moreover, since F'(My) C Ny, then there is n € M such that

dx(n, FT) = dx(M, N)
NOW; by (3) and (32)7 we have Oé()(gopa,r) > 1 and df{(gOpa—&-lvaa) = d%(Ma N)

for all a € NU{0}. Also, since F' is a modified oy — (g, go) - proximal contraction,
we get

(dx(gopa,n) + dx(7, goPat1)) — Yo(dx(gopa, n), dx (7, goPa+1)

DO | —

dx(gopa+1,v) <

. Taking this as a — +ooin the equation, we have

de(r.m) < %dx(r, n) — vo(dx(r, ), 0)

. This means that dx(r,n) = 0, that is, n = r. Therefore, r is the best proximity

point for F'. The uniqueness of the best neighbour can easily follow the process in
the theorem (3.5).

Corollary 3.9. Let M and N be two non-empty members of a complete metric
space (X,dx) s.t. M is complete, the pair (M, N) has the V - property and M,
is non-empty. Let F : M — N and go : M — M are continuous ag — (o, go)
- prozimal contraction map of Type-I or a continuous oo — (1o, go) - prorimal
contraction map of Type-II in such a way that the following terms and conditions

hold:
1. F is a triangle g — (¢o, go) - allowable near-end mapping and F(My) C Ny),
2. there exists elements py, p1 € My such that
dx(gop1, F'po) = dx(M, N)
and ao(gopo, gop1) > 1,

3. if {gopa} is a sequence in M such that cao(gopa, GoPar1) > 1 and gopa — gop
as a — 00, then ag(gopa, gop) > 1 for all a € NU{0}.
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Then the F will have a best proximity point. Furthermore, for every p,q € M s.t.
dx(gop, I'p) = dx(M, N) = dx(goq, F'q), we have ao(gop, gog) > 1.

4. Some results in metric spaces endowed with a graph

Consistent with Jachymski [8], let (X, dx) be a metric space and A denotes the
diagonal of the cartesian product X x X. Consider a directed graph G such that the
set V(G) of its vertices coincides with X, and the set €(G) of its edges contains all
loops, that is, F(G) 2 A. The first result in this direction was given by Jachymski
[16].

Definition 4.1. Suppose that (X,dX) is a metric space containing a G graph. We
say that a self-mapping F' : X — X is a contraction of Banach G, or simply a
contraction of G, if F' retains the contour of G, i.e.

Vp,q € X, (p,q) € €(G) = (Fp, Fq) € €(G)

And F reduces the weight of the G edges as follows:

Jap€(0,1),Vp,q€X, (pq) € EG) = dx(Fp, Fq) < apdx(p, q).

Definition 4.2. let M and N be two non-empty closed subsets of a metric space
(X,dx) own graph G. We are suggesting that F : M — N is a non-self map and
go: M — M are G — (1o, go) - proximal contraction, if, m,n,p,q € M

(900, 909) € €(G),
dx(m, Fp) = dx(M,N),
d%(N> FQ) = d%(M’ N)

Y

= dx(m,n) < - (dx(gop,n) + dx(g0q,m)) — o(dx(gop, n), dx(goq, m))

N | —

and
(9op: 909) € €(G),

d$<m7Fp) - d%(M7 N)7 = (mun) € Q(G>7
Theorem 4.3. Let M and N be two non-empty closed subsets of a complete metric
space (X,dx) endowed with a graph G. Assume that M is complete. and My is

non-empty and F : M — N and go : M — M are continuous G — (o, go) -
proximal contraction map in such a way that the given terms and conditions hold:

1. F(My) C Ny,
2. then there exists elements po, p1 € My such that

dx(gopo, gopo) = dx(M, N)
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and (gopo, gop1) € €(G),
3. for all (gop, 90q) € €(G) and (goq, gor) € €(G), we have (gop, gor) € E(G).

Next, F' has a best proximity point. Additionally, the best proximity point is unique
if, for every p,q € M such that dx(gop, Fp) = dx(M, N) = dx(g90q, F'q), we have

(90p: 90q) € €(G).
Proof. Define ag : X x X — [0, +00) by

L, if (gop, 909) € €(G),
0, otherwise.

ao(gops 9oq) = {

First, we prove that F is a triangle ag — (), G)-near-end allowable map.

((co(gop, 90q) > 1,
d%(ma Fp) = d%(Ma N)v
(dx(n, Fq) = dx(M, N).

Therefore, we obtain

((90p. 90q) € €(G),
d%(ma Fp) = d%(M, N)?

Since F' is a G — (1, go) - proximal contraction map, we get (m,n) € &(G), that
is ap(gom, gon) > 1 and

(dx(gop,n) + dx(gogq, m)) — Yo(dx(gop, n)dx(goq, m)).

DO | —

d%(m7 n) S

Also, let ag(gop,r) > 1 and ap(r, gog) > 1, then (7, gog) > 1, then (7, goq) > 1,
then (gop,7r) € €(G) and (1, g0q) € €(G). As a result, we deduce from (3) that
(9op; 909) € €(G) is ao(gop, 9oq) > 1.

Thus, F' be ag— (2o, go) - triangular proximal admissible mapping with F'(M,) C
Ny. In addition, F' is continuously modified ag — (¢g, go) - proximal contraction.
From (2), there is po,p1 € My s.t. dx(gop1, F'po) = dx(M,N) and (gopo, gop1) €
¢&(Q), that is, dx(gop1, F'po) = dx(M, N) and ag(gopo, gop1) > 1. All the conditions
of Theorem (3.5) are thus fulfilled, and F' has a single fixed point.

In the same way, we prove the following theorem by using the Theorem (3.8).

Theorem 4.4. Presume M and N are non-empty closed members of a metric
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space (X,dy) provided with a graph G. Assume that, M is complete, the pair
(M, N) has the V - property and My is non-empty. Also, suppose that ' : M — N
and go - M — M are G — (vg, go) - proxzimal contraction map in a way that the
following criteria hold:

1. F(My) C Ny,
2. there exists elements pg,q1 € My such that
dx(goph Fpo) = d%(Ma N)

and (gopo, gop1) € €(G),
3.V (p,q) € €(G) and (q,7) € €(G), we get (p,r) € E(Q)

4. if {pa} is a sequence in X such that (ps, par1) € €(G) for alla € NU{0} and
Pa — D as a — +00, 50 (pg,p) € E(G) V a € NU{0}.

Then, F has a best proximity point. Further, the best proximity point is unique
if, for each p,q € M just like that dx(p, F)p) = dx(M,N) = dx(q, Fq), we get
(p.q) € €(G).

We collect multiple fixed point theorems in this chapter, which are consequences
of the results mentioned in the important area.

Theorem 4.5. Let (X,dx) be a complete metric space. Assume that F: X — X
and go : M — M be a continuous self-map fulfills the below requirements:
1. (a) F is triangular ag — (1o, go) - admissible,
(b) there is po in X so ag(gopo, F'po) > 1,

(c) forallp,q € X, ao(gop: goq)dx(Fp, Fq) < 3(dx(gop, Fq)+dx(goq, Fp)) —
Yo(dx(g90p, F'q), dx(g0q, F'p)). Then there’s a fized point of F.

2. (a) F be ag — (Yo, go) - admissible,
(b) 3 po in X s.t. ap(gopo, Fpo) > 1,
(c) VpgeX,

(ao(gop, goq)—l—l)dX(Fp’Fq) < (u_|_1)%(dx(9OP7FQ)+dx(goqup))—wo(das(gop7Fq)7dae(goq7Fp).

Then F has a fixed point.

3. (a) F is triangular oy — (o, go) - admissible,
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(b) there is py in X such that ag(gopo, F'po) > 1,

(¢) absolutely p,q € X, ao(gop, 909)dx(Fp, Fq) < 3(dx(gop, Fq)+dx(g0q, Fp))
— Yo(dx(gop, F'q), dx(goq, F'p)). Then F has a fized point.

(d) if {gopa} is a sequence in X such that co(goPa, GoPar1) = 1 and p, — p
as a — +o00, then ay(gopa, gop) > 1V a € N. Then there is a fized point
at F.

4. (a) F be triangular og — (Yo, go) - admissible,
(b) there is po in X such that a(gopo, F'po) > 1,
(c) VpqeX,

(ao(gop7 goq)+1)dx(FP7FQ) < 2[%(dx(gop,FQ)-i-dx(goq,Fp))—1110(dx(gopﬁFQ)vdx(goq,Fp))}'

Then F has a fized point.

(d) if a sequence {gopa.} in M such that ag(gopa, goPar1) > 1 and p, — p as
a — 400, then ag(gopa, gop) > 1V a € N. Then there is a fized point of
F.

5. Application to fixed point theorems

Theorem 5.1. Let (X,dx) be a complete metric space. Assume that F': X — X
and go : M — M are continuous self-mapping satisfying the following conditions:
(i) F is triangular ag — (1o, go) - admissible,

(i) there exists py in X such that ag(gopo, F'po) > 1,

(#i) for all p,q € X,

1
ao(gop, 90q)dx(Fp, Fq) < §(dae(gop, Fq)+dx(g0q, F'p))—vo(dx(gop, Fq), dx(g0q, Fp)).

Then T has a fixed point.

Theorem 5.2. Let (X,dx) be a complete metric space. Assume that F' : X — X
and go : M — M are continuous self-mapping satisfying the following conditions:

1. F is triangular ag — (Yo, go) - admissible,
2. there exists py in X such that ag(gopo, F'po) > 1,
3. forallp,q € X,

(a0 (gop, 90q) + l)dx(Fp,Fq) <+ 1)%(dx(90P7FQ)+dx(QOfI,FP))*i/)o(dae(QOP,FQ),dx(goq,Fp)_

Then T has a fixed point.
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Theorem 5.3. Let (X,dx) be a complete metric space. Assume that F : X — X
and gg : M — M are continuous self-mapping satisfying the following conditions:

1.
2.
3.

F is triangular ag — (g, go) - admissible,
there exists py in X such that ao(gopo, Fpo) > 1,

for all p,q € X, ao(gop, 90q)dx(Fp, Fq) < 5(dx(gop, Fq) + dx(g0q, Fp)) —
Yo(dx(gop, F'q), dx(goq, F'p)). Then F has a fized point.

if {gopn} is a sequence in X such that co(gopn, goPns1) = 1 and p, — p as
n — +o00, then ag(gopn, gop) > 1 for alln € N. Then F has a fixed point.

Theorem 5.4. Let (X,dx) be a complete metric space. Assume that F' : X — X
and go : M — M are continuous self-mapping satisfying the following conditions:

1.
2.
3.

F is triangular oy — (o, go) - admissible,
there exists py in X such that ao(gopo, Fpo) > 1,
forall p,q € X,
(ao(gop, 9ogq) + 1)dx(Fp,Fq) < 9l (dx (90p.Fq)+dx (904, Fp)) —tbo(dx (90p.Fq).dx (904, Fp))]
Then F' has a fized point.

if {gopn} is a sequence in M such that co(gopn, goPnt1) = 1 and p, — p as
n — 400, then ag(gopn, gop) > 1 for alln € N. Then F has a fived point.
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